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Distributed Piezoelectric Element Method
for Vibration Control of Smart Plates
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A new method for active control of plates is presented that includes methods for designing piezoelectric modal
sensors and modal actuators. The piezoelectric modal sensor and modal actuator are designed by cutting all of
the piezoelectric layers into several independent elements. The modal coordinates and the modal velocities can be
obtained from the charges and currents generated by the sensor elements, and the modal actuator is designed by
modulating the spatial distribution of voltage applied on the piezoelectric actuator. A scheme for modal control
of smart plates is given. Moreover, improvement of the controllabilty of the plates due to segmentation actuator

lamina is discussed.

I. Introduction

MART structures for vibration control of flexible space struc-

tures have attracted a considerable amount of research in recent
years. A smart structure (or intelligent structure) used in vibration
control can be viewed as a structure or structure component with
distributed sensors and actuators that can sense the excitations ap-
plied by its environment and can also act properly through control
devices to compensate for undesired effects or to enhance desired
effects.! The distributed sensors and actuators in such structures
are usually made of piezoelectric materials such as lead zirconate
titanate (PZT) and polyvinylidene fluoride (PVDF).

Application of smart structures to vibration control may be traced
to Bailey and Hubbard,?> who used PVDF as the distributed actuator
inacantilever beam to control its vibration. In the following 10 years,
the models, basic equations, control laws, finite element analysis
methods, and experiments for smart structures were investigated by
many researchers 3~

The independent modal space control (IMSC)!* method is often
used in vibration control that requires the distributed sensor/actuator
to sense/actuate desired modes. Lee and Moon'* and Lee et al.'
presented a method to design modal sensors/actuators by means
of modulating the shape together with varying the polarization of
piezoelectric layers. Consequently, they achieved critical damping
of the first mode of a beam. However, when the number of the con-
trolled modes varies, or the parameters such as the density or the
thickness of the structure vary, as a part of the structure, the sen-
sor layer and the actuator layer must be reshaped. We present a
method called the distributed piezoelectric element (DPE) method,
which uses segmented piezoelectric actuators and sensors, that in-
cludes a new method for designing piezoelectric modal sensors and
modal actuators. In this method, the piezoelectric sensor/actuator
layers are cut into several independent pieces called sensor/actuator
elements that independently sense/actuate a local strain state. The
modal coordinates and the modal velocities can be obtained from

Received 25 July 1998; revision received 25 February 1999; accepted for
publication 16 March 1999. Copyright © 1999 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved.

*Ph.D. Candidate, Department of Mechanics and Engineering Science;
currently Associate Professor, Hebei University of Technology, 300132
Tianjin, People’s Republic of China, and Postdoctoral Fellow, Beijing Insti-
tute of Control Engineering, 100080 Beijing, People’s Republic of China.

*Professor, Department of Mechanics and Engineering Science.

Professor, Mathematics Department.

SResearch Fellow.

1459

the charges and currents generated by the sensor elements, and the
modal actuator is designed by modulating the spatial distribution of
voltage applied on the piezoelectric actuator. Based on the modal
sensor and modal actuator, the modal control of the smart plate is
performed. Finally, a simulation example is given to demonstrate
the presented method.

II. Basic Equations of a Smart Plate

Consider a thin elastic plate: Two lateral isotropic piezoelectric
laminas are bonded onto the upper surface of the plate as an actuator
and on the lower surface of the plate as a sensor, respectively. For
the sensor lamina, host plate, and actuator lamina, Young’s moduli
are Y}, Y2, and Y3; Poisson’s ratios are uy, t2, and u3; and the mass
densities are py, p2, and ps, respectively. The z coordinates of the
lower face and the upper face of the sensor lamina are zy and z;,
respectively; those of the actuator lamina are z, and z3, respectively,
as shown in Fig. 1. The tensile axes of the piezoelectric laminas
coincide with the axes of the plate considered.

The charge output of the sensor lamina may be derived as

2
10 =6, [ [ (55 + 5w

where S is the area covered by the piezoelectric sensor layer,

ry= %(zo + z1) is the z coordinate of the midplane of sensor lam-

ina, and e3, is the piezoelectric stress constant of the sensor lamina.

Equation (1) establishes the relationship between the charge output

and the strain of the plate, and so it is called the sensor equation.
By the differentiation of Eq. (1) with respect to 7, we have

dQ(l) Bw
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which describes the relationship between the output electric current
and the even strain rate of the sensor lamina.

The differential equation of motion of the smart plate may be
derived as
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Fig.1 Smart plate with piezoelectric sensor and actuator layers.

Fig.2 Segmentation of the sensor layer. Sij

is the equivalent mass density of the smart plate and
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is the bending stiffness of the plate, 4, is the piezoelectric stress
constant of the actuator lamina, r, is the z coordinate of the mid-
plane of the actuator lamina, and V (x, y, #) is the voltage applied
on the actuator lamina in the thickness direction. Equation (3) is
an equation coupled with mechanical and electric variables that de-
scribes the relationship between the vibration of smart plate and the
excitation voltage, and so it is also called the piezoelectric actuator
equation.

III. Modal Sensor Design

The modal coordinates and modal velocities must be observed
when using the modal control method to control the plate’s vibra-
tion. Because the output obtained from Egs. (1) and (2) is infor-
mation of the averaged strain and the averaged strain rate of the
plate, it is not useful in obtaining information concerning the strain
of the modes. To draw the modal coordinates and modal velocities
from the voltage output of the sensor lamina, we develop a fully dis-
tributed piezoelectric segments strategy. The sensor lamina bonded
on the surface of the plate is separated into M N sensor elements
Sijpi=1,2,...,M, j=1,2,..., N, as shown in Fig. 2.

By the employment of Eq. (1), the charge of the i jth sensor ele-
ment caused by the strain of the plate can be obtained:

qii (1) = €], f/ e(x, y, ) dx dy
Sij

i=11,2,....M; j=12,....,N (5
where
Pw(x, y,1) 82w(x,y,t)
e(x, y, 1) = —rs [ %2 3y? ©

is the strain of the sensor lamina. By expressing the transverse dis-
placement of the plate as a linear superposition of the modes of the
plate and by considering only the first M N, we have

M N
WO YD = )Y 0y (O Wan(x, ) 7

m=1ln=1

where Wy, (x, y) is the mnth mode shape of the plate and Mn (1)
is the mnth observed mode coordinate. Substituting Eq. (7) into
Eq. (5) yields

g (1) = &, Z ano) / / Emn(x, y) dx dy

m=ln=1

i=12...,M; j=12,...,N (8

where

2 2
Emn (X, y) = —r:[a Won (X, ¥) Wm,,(x,y)] o

ax? dy?

is the mnth strain mode of sensor lamina. Equation (8) may be
rewritten in matrix form

{gO} = &,[EYn* 1)) (10)

where Oy = (@, 912, - qinvs - Gt Guazs - quay)™s
r®Y=@i, 0t - Mins oo Magn Mhas -+ - Migy)T> and [E] s
an MN x M N matrix concerning the integration of strain modes,
whose elements are

Emn(Sij) = //S Emn(x, y) dx dy (11

The output charge of several neighboring elements can be su-
perimposed together. For instance, the output charge superimposed
from two neighboring elements is equivalent to combining these two
elements into one. On the other hand, removing the output charge
of an element is equivalent to removing this element. Therefore,
the number, size, and location of sensor elements can be changed
through superimposing and removing the output charge of sensor
elements. Using this concept, [£%] can be made nonsin gular by su-
perimposing the output charge of elements. Without loss of gener-
ality, the matrix [£*] is assumed to be nonsingular. The M N mode

. coordinates of the plate can be solved from Eq. (10):

(O} = (1/&)E) {g(t)} (12)

Ifitis necessary to observe the mode velocities the electric current
of piezoelectric sensor can be used as output. Employing Eq. (2)
yields

)= (1/e)Er (1)} (13)

where {1 (1)} is the vector that consists of the output currents of M N
sensor elements.

Equations (12) and (13) show the process of mode observation
performed by mode sensors; the observed values of former MN
mode coordinates and mode velocities can be obtained from the
output charge and current of all sensor elements.

IV. Modal Actuator Design
The modal actuator can actuate the designated modes without
affecting other modes. We design the piezoelectric mode actuator
by adjusting the spatial distribution of the voltage of the actuator
lamina.
Transform the actuator equation (3) into modal equations:

v
nmn(t)'*'wmnnmn(t) = _e31ra // <3x2 ayz)wmn(x» y)dxdy

mn=12,... (14)

where 7, (¢) is the math mode coordinate and w,,, is the mnth
natural frequency.

It can be seen that only some specified modes can be actuated
by the voltage applied to the piezoelectric actuator lamina through
modulating the distribution, in space, of the voltage.

To this end, we design the voltage to be determined by

K L
=ZZP1¢(I)D Vszl(-xy y)]

k=11=1

Vix,y,t)

K L
=) ) puOMulx,y) as)

k=11=1

where K and L are the numbers of order of the required controlled
modes K <M and L <N and

Mux, y) = D[V Wy (x, y)] (16)
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By inserting the voltage in Eq. (15) and employing the orthogo-
nality of modes, we obtain

(@) + wpynu(t) = e rawy put)

k=1,2,...,K; 1=12,....,L (17)
Equation (17) shows that the former M N modes can be actuators,
whereas the other modes are not actuated. Therefore, the piezoelec-
tric modal actuators can be perfectly realized when the continuous
distribution of the voltage in Eq. (15) is applied on the actuator lam-
ina. However, such continuous distribution of the actuating voltage
is hard to realize exactly.

To realize the distribution of the voltage in Eq. (15) practically,
the piezoelectric actuator lamina is separated into QR elements
A, Az, ..., Agg, and the continuous distribution, in space, of
voltage V (x, y, r) is approximated by piecewise constant voltage.
The applied voltage to the ijth actuator element should be

1
Vi@ = ;r// Vix,y, t)dxdy
ij Ajj

| X L
= 'A_ZZPH(I)// Muy(x, y)dxdy
- Ay

Hk=11=1

i=12,...,0, j=12,...,R (18)

Rewrite Eq. (18) in matrix form:
{(V(®)} = [CIMIUP @)} (19

where {V(l)} =WL,Viz, -y, Vir, ..o, VQl, VQ2, ey VQR)T is the
vector that consists of QR voltages, {P(#)} = (p11, P12s - - - PiL»
.<., PK1» Pk2.-- -, Px1)" is the vector that consists of K L modal
control forces, [C]=diag(1/A;;) is a QR x QR diagonal matrix,
and [M]is a KL x QR matrix, whose elements are

Mu(Ay) = / /A Mu(x, y)dx dy 20)

In this way, the required voltage on each piezoelectric actuator
element can be determined from Eq. (18) or (19), and the modal
control can be approximately realized by applying these voltages to
actuator elements, respectively.

V. Modal Control

When the modal sensors and modal actuators are designed, the
modal control of the smart plate can be performed by designing the
modal control forces py(¢) in the modal equation of motion (17).
Employing negative feedback for modal coordinates and velocities,
the py(t) are designed as

pu(®) = —gung (1) — huig ()

k=12,...,K; I=12,...,L (21

where gy, and hy are the mode control gains and n};(¢) and 75, (¢) are
the coordinates and modal velocities observed by the modal sensor
from Eq. (12) and (13), respectively. Therefore, the closed-loop
modal equations become

i () + hues raopnip @) + opnu() + guesrawgng () =0
k=12,...,K; I=12,...,L (22)

The damping ratio of the k/th mode of the controlled plate is
approximately

hyes rawy
2/ 14 guesry

which can be used to select the control gains in Eq. (21).
Rewrite Eq. (21) in matrix form

Ly = (23)

{PO} = —-[GHn* (O} - [HI{#" )} (24)

where [G] = diag(g) and [H] = diag(hy) are diagonal modal gain
matrices. By the substitution of Eq. (24) into Eq. (19), the control
voltage distribution can be obtained:

(V@) = =[CIIMIGIn*®)} — [CIMIHIA* (D} (25)

The independent modal space control can be performed by ap-
plying the obtained QR control voltages on the actuator elements,
respectively.

Note that the observed modal coordinates and modal velocities
are slightly different from the real ones because of the truncation
of modes in Eq. (7). The observed modal coordinates and velocities
are the sum of the real ones and the component of residual modes.
Therefore, in practice, the low-pass filter is needed to remove the
residual modes. If there are no residual modal components in the
observed modes to be controlled, the stability of the residual modes
are not affected when using the DPE method.

VI. Numerical Simulations

As an example, consider a simply supported uniform rectangular
aluminum plate to which a PZT lamina and a PVDF lamina are
bonded as actuator and sensor. The dimensions and parameters of
the smart plate are given in Table 1.

The vibrations of the plate are excited by an impulse of 0.03 Ns
at the point (25 cm, 13 cm) of the plate. Now, use the proposed
method to control the plate’s vibration. Let M =4 and N =3 so that
the sensor lamina is separated equally into 12 rectangular sensor
elements and take @ =4 and R =3. The actuator lamina is cut
into 12 rectangular actuator elements. We take K =3 and L=2to
control the first six modes by velocity feedback control. The control
gains are taken as [G] =0, h11 =1.0, h12 =04, hy = 0.5, hyy =04,
h31 =0.3, and h3; =0.25. Active control begins at 7 =0.1s; the
response of the midpoint of the plate is shown in Fig. 3 and the
time history of each controlled mode is shown in Fig. 4. The control
voltage distribution of the 12 actuator elements is shown in Fig. 5.

Note that the 12th, 21st, and 32nd modes, which are uncontrollabe
when using one fully covered piezoelectric lamina with spatially
uniform distribution of control voltage,'® are now controllable due
to the segmentation of the actuator lamina.

It can be seen in Fig. 3 that the vibrations of the plate are sup-
pressed very quickly and only the uncontrolled modes remain af-
ter 0.2 s. In this case, the equivalent damping ratios for the first
six modes of the controlled plate are ¢f, =0.199, ¢f, =0.228,
&5 =0.204, £5, =0.311, £§; =0.226, and ¢5, = 0.281, respectively.

The numerical simulations show that the DPE method is effective
for vibration control of smart plates. When the maximum control

Table 1 Material and dimensional parameters

a, b, h, Y, 0, €31,
Material mm mm mm Gpa kg/m? m N/Vm?
PVDF 400 300 0.1 2 1780 0.3 0.06
Aluminum 400 300 0.5 69 2700 0.3 _—
PZT 400 300 0.2 63 7600 0.3 10.6
3 -

;,control on :

Displacement (mm)

| ) —controlled
] —uncontrolled
_3 1 1 1
[ .1 8.2 2.3 0.4 2.5
Time (s}

Fig. 3 Displacement response of the center of the controlled plate.
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Fig.4 Modal coordinates observed by the modal sensor.
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voltage is less than 100 V, the vibrations of the plate are effectively
suppressed within a short time. If the voltages applied on the actuator
elements are as large as possible, the suppression time will be further
shortened.

VII. Conclusion

The DPE method, a new method for active control of plates, is
presented that includes methods for designing piezoelectric modal
sensors as efficiently as the IMSC method. In the DPE method,
the entire distributed piezoelectric sensor and actuator bonded to
the plate are cut into many independent elements, the modal coor-
dinates and modal velocities are observed from the output signals
such as electric charge and electric current from the sensor elements,
and the modal actuator is developed by modifying the space distri-
bution of the applied voltages. The proper voltages applied to the
actuator elements can be obtained with feedback from the observed
modal coordinates and modal velocities from the sensor elements.
The simulation results show that the DPE method is effective in the
vibration control of smart plates. Using the DPE method, the con-
figuration of the actuator and the sensor is not greatly changed by
the changes of the number of the controlled modes and the changes
of the parameters of the plate. Furthermore, the controllability and
observability of the plate are improved.
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